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Abstract 

Given a finite-dimensional monomial algebra A we consider the trivial 
extension TA and provide formulae, depending on the characteristic of the 
field, for the dimensions of the summands HHi(A) and A\t{DA) of the 
first Hochschild cohomology group HH^iTA). From these a formula for the 
dimension of HH^{TA) can be derived. 
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1 Introduction 

The purpose of this paper is to study the first Hochschild cohomology group HH^{TA) 
of the trivial extension of a finite-dimensional monomial algebra A — kQ/ < Z > where 
A; is a field, Q a finite quiver and Z a set of paths of length at least two. 

Given an algebra A and a A — A-bimodule X, the Hochschild cohomology groups 
H^{A,X), introduced in 14 , are the groups Exi\_/^{A,X). In particular if X = A we 
write HH\A) = W{A,A). Analogously, the Hochschild homology groups Hi{A,X) are 
the groups Torf-'^(A,A:) and we write HHi{A) = Hi{A,A). Although these groups are 
not easy to compute in general, some approaches have been successful when the algebra 
A is given by a quiver with relations. For instance, explicit formulae for the dimensions of 
HH^[A) in terms of those combinatorial data have been found in |51 151 151 ITTl 1121 . 

The first Hochschild cohomology group plays an important role in the representation 
theory of algebras since it is related to the separation properties of the vertices of the quiver 
of A, and to the notion of (strong) simple connectedness (see |21 01 H^l 1171 120|). The 
importance of simply connected algebras follows from the fact that we may often reduce 
the study of indecomposable modules over an algebra to that of the corresponding simply 
connected algebras. 

Given an algebra A we consider DA, the dual A — A-bimodule of A. The trivial 
extension TA is the algebra whose underlying vector space is A © DA, and the product 
is given by {a,f){b,g) = {ab,ag + fb) for any a,b £ A, f,g (z DA. In other words, A 
is a subalgebra of TA and DA is a two-sided ideal endowed with the zero multiplicative 
structure. 

In [101 it has been shown that if A is a finite-dimensional algebra, HH^{TA) is a 
direct sum of four vector spaces. More precisely, 

HH\tA) = Z{A) ffi HH\A) ffi HHi{Ay © A\t{DA), 
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where Z{A)\sthecenterof Aand Alt(DA) ^ {(p eRomA-A{DA,A) : ip + ip*=0}. As 
an immediate consequence we have that HH^{TA) never vanishes. The first and second 
summands have been studied in jTIl . when A is a monomial algebra, and explicit formulae 
for their dimensions are obtained. The Lie algebra structure of HH^{TA) with respect to 
this decomposition is described in 19 . 

In this paper we compute the third and the fourth summands for a given monomial 
algebra A in terms of the combinatorics of the quiver and of the set of path relations. In 
particular we provide precise criteria for the vanishing of those summands. 

An important tool for the computations is given by the circuits of a quiver, which are 
equivalence classes of cycles under rotation, see Definition 12.21 Each circuit has a well 
defined multiplicity; in characteristic p, the circuits which are relevant have a multiplicity 
that is not divisible by p. We call them p'-circuits by analogy with the p'-conjugacy classes 
of a group. 

The paper is organized as follows. In Section 2 we introduce some notations and 
definitions, and we provide formulae for the dimension of the first Hochschild homology 
group HH\{A) when the field k has characteristic zero. In Section 3 we extend the 
previous results for any field k of positive characteristic. In Section 4 we obtain a dimension 
formula for the vector space A\t{DA) and, as an application of the formulae obtained in 
the paper, we describe the monomial algebras A for which HH^{TA) is minimal, that is, 
Ami]^ H H'^ {T A) = 1. It turns out that this condition is equivalent to HH'^{A) = 0. We 
do not know if this equivalence holds for a wider class of algebras - this question has been 
pointed out by the referee. 

All the algebras considered here are finite-dimensional, but results in Section 2 and 3 
hold also for infinite-dimensional monomial algebras. 

2 Degree one Hochschild homology of a monomial algebra 

Let fc be a field, Q a finite quiver with set of vertices Qo, set of arrows Qi and s,t : Q\ ^ 
Qo be the maps providing each arrow a with its source vertex s{a) and its terminal vertex 
t{a). A path a of length / is a sequence of I arrows a; . . . ai such that t{ai) = s(ai+i). 
We put s(q) = s(ai) and t{a) = t{ai). Any vertex u is a trivial path of length zero 
and we put s(u) = t{u) — u. A cycle is a path a such that s{a) — t{a); vertices are 
always cycles. The corresponding path algebra kQ is the vector space with basis all the 
paths in Q and whose product on the basis elements is defined by the concatenation of 
the sequences of arrows of the paths 13 and a if they form a path (namely, if t{a) — s(/3)) 
and zero otherwise. Vertices form a complete set of orthogonal idempotents. Note that 
as(a) = a while au = if w 7^ s{a). We have also t{a)a — a and ua = if u 7^ t{a). 
Since all summands in HH^{TA) are additive with respect to the decomposition of A into 
a finite direct product of algebras, it is not restrictive for our purposes to assume that Q 
is connected, something that we do from now on. 

Next consider Z a set of paths of length at least two which is minimal with respect 
to the subpath order relation, namely, for each 7 £ Z, strict subpaths of 7 are not in Z. 
We denote < Z > the two-sided ideal generated by Z , and kQ/ < Z > is by definition a 
monomial algebra. We fix Q and Z and put A = kQ/ < Z > \n the sequel. 

The purpose of this section is to provide a combinatorial formula computing the di- 
mension of the first Hochschild homology vector space of a monomial algebra, when charfe 
= 0. 

We need some notation in order to describe a chain complex computing Hochschild 
homology. Let B be the set of paths of Q which do not contain any path of Z. In 
other words, B is a basis of a subvector space of kQ complementing < Z > and B is 
identified with a fc-basis of the monomial algebra. Product of paths in B is given by usual 
concatenation, which can be zero if it contains a path from Z. Paths containing a path 
from Z are called zero paths. 
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Now we describe the set of cyclic pairs of paths. Let X and Y be sets of paths. Then 

XQY ^ {{a, (5) : t{l3) = s{a) and t{a) = s(/3)}. 

Note that Qo ^ is just the set of cycles in X. 

We denote by k{XQY) the vector space with basis the set XqY . This notation is very 
convenient to describe a chain complex whose homology is HH,{A). We denote by Zn 
instead of Tn the set of n-chains defined in 1 (hence, Z2 = Z , Zi = Qi and Zo = Qo). 
This set is independent of whether we consider left or right modules (cf 4 [Lemma 3.1]) 
and, as proved in 4 [Theorem 4.1], the minimal projective resolution P, of A as an 
A — j4-bimodule is defined as follows: P„ = ®p'^ez„Aet(pn)<E>es{p")A, and the differential 
d : Pn+i — > Pn maps et(p„+i)(8)e^(p,i+i) onto ^^<^<^(-l)'''6'iet(pr.)(g)es(pji)Mi, provided 
{pi, . . . ,Pr} is the set of subpaths of p"^^ which are n-chains and p""""^ = Oip^fii is the 
corresponding (unique) factorization (here a € {0, 1} is a convenient exponent introduced 
in order to avoid distinction between the even and odd cases of ^). Now HHt{A) is the 
homology of the chain complex P, ®a-a A and we leave it as an exercise for the reader 
to check that P„ ®a-a A is isomorphic to k{Zn B) as a fc-vector space. Viewing that 
isomorphism as an identification, the following is now straightforward. 

Lemma 2.1. The Hochschild homology of A is the homology of the complex having 
k{Zn B) in the n-th position and differential d : k{Zn+i B) — > k{Zn B) given 
by d{p"'^^,b) = "^i^i^j-i—iy^ {Pi' , fJ-ibOi) , if we make the convention that a summand 
is zero when HibOi is a zero path. 

This complex will be referred to as Bardzell's complex and its initial part is: 

> fc(Z B) ^ fc(Qi 5)^ k{Qo QB)^0 

where 

do{a,f3) = {t{a),af3)-{s{a),Pa) 

n 

di{a,P) = y~'(ai, Oj-i . . . aiPon ■ ■ ■ ai+i) 

i=l 

for a = On . . . fli any path in Z. 

Next we show that the above complex decomposes along the circuits of Q that we 
define below. 

Definition 2.2. Among the set of cycles of a quiver, consider the equivalence relation 
generated by 

7„ . . . 71 ~ 7i7„ ... 72. 

The second path is called the rotated of the first path. An equivalence class for this 
relation is by definition a circuit, and we denote by C the set of circuits. A circuit is 
said to be trivial if it corresponds to a vertex. 

Cyclic pairs of paths provide circuits by concatenation, namely we have a map 

XQY C 
(a, 13) ^ a(3 = /3a. 

If C is a fixed circuit we denote by [X Y)c the fiber over C of this map, namely 

(X Y)c = {(q,/3) G X y : q/3 e C}. 

Proposition 2.3. There exists a decomposition k{ZnQB) — (Bceck{Zn Q B)c which 
is preserved by the differentials of Bardzell's complex. In particular, 

HH4A)^ececHH^,c{A), 

where HH,^c{A) is the homology of the C-split part of the complex. 
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Proof. The decomposition is clear. If 6) e iZ„+i B)c, then = 

I]i<i<r(~l)'''(Pi''M»^^0 ^^'^ property that {p",fj.ib6i) G {Z„ _B)c, due to the 
factlhat = etplfii. 

□ 

Remark 2.4. The above decomposition also holds for cyclic homology. In 16 , relations 
between cyclic homology and global dimension for monomial algebras are obtained; see 
also [T5|. 

We will compute for each circuit C the corresponding first homology group Hi^c 
HHi,c{A). Of course if {QiQB)c = then iJi.c ~ 0. Hence we concentrate on the set 
of circuits C such that (Qi B)c 7^ 0. In the sequel we will need the following definitions. 

Definition 2.5. 

i) A circuit C is said to be useful if (Qi B)c 7^ 0- 

ii) A circuit C is said to he strong if each cycle of C is a basis vector. In other 
words there is no zero cycle belonging to the circuit C . 

Hi) A circuit C is said to be efficient if it is a useful (non strong) circuit satisfying 
{Z&B)ci^%. 

While computing Hi we will need an evaluation of the differences IQi QB\ — \QoQB\. 

Definition 2.6. Let W he the set of cycles in Q containing precisely one path of Z 
located at its end. In other words, a cycle -y is in W if -y = S,a with S, £ Z and no other 
subpath of "f belongs to Z . Let w = \ W\ and wc ~ \ W n C| for C a given circuit. 

Lemma 2.7. 

IQi B| - IQo B| = w-\Qo\, and 
KQi B)c \ — \{Qo B)c\ = wc if C IS a non trivial circuit. 

Proof. Let denote the set B \ Qo of non zero paths of positive length, and consider 
the map 

Q0&B+ ^QiQB 

which removes the last arrow of a path of and inserts it as a first component: 

(p{s, a„ . . . ai) = (a„, a„_i . . . ai). 

This map is clearly injective. The complement of its image consists of cyclic pairs 
(a, /3) £ QiQ B such that a/3 is no longer in B. Since /3 € B, we have that a/S contains 
paths from Z whose last arrow is a. Moreover, since Z is minimal, af3 contains exactly 
one path of Z located at its end, which means that a/3 £ W. 

Conversely, each cycle 7 G 14^ has positive length and if 7 — On . . .ai then 
(a„, an-i . . . ai) G (Qi Q B)\ Irmp. We have proved that \Qi Q B\ — |Qo B'^\ = w. 
Note that Qo Q B = {Qo B"*") U Qo and this provides the complete formula. The 
specialized formula for a non trivial circuit is clear. □ 

Recall from 2.5 the definition of strong and useful circuits, and note that any non 
trivial strong circuit is useful. 

Proposition 2.8. Let C be a useful strong circuit, that is, a non trivial strong circuit. 
Then dim^i^i.c = 1- 

Proof. Since C is strong, {Z B)c = 0, otherwise there would be a zero cycle in the 
strong circuit C. Therefore dimkBi.c = dimkKerdo.c- Moreover, C being strong 
also implies fl C = 0, consequently the preceding lemma shows that |(Qo B)c \ = 
\{Qi Q B)c\. Hence dimk B"i,c = dimk Coker do,c- Recall that do,c(a, /3) = afS — Pa. 
Since C is strong, a/3 and /3a are in B for each (a, 0) G (Qi B)c. So each difference 
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of a cycle of C with its rotated cycle is in Imdo.c- In fact the image of the basis 
elements of (Qi B)c are precisely those. Now the square matrix of do.c is 



/ 1 "1 \ 

-1 1 
-1 1 

\ 1 / 

which shows that dinik Cokerdo.c = 1- d 

We turn now to useful circuits which are not strong in order to complete the compu- 
tation of HH\ along the circuits. 

Lemma 2.9. Let C be a useful circuit which is not strong. Then do,c is surjective. 

Proof. Consider the equivalence relation on circuits restricted to B n C. Since C is 
not strong there is at least one zero cycle in C, which implies that each equivalence 
class in B n C is now totally ordered, with the elementary step for this ordering given 
by rotation. The first and the last element of each of those totally ordered classes 
are attained by do,c, as well as all the successive differences. This shows that each 
element of the class is in the image of do,c- d 

Proposition 2.10. Let C be a useful circuit which is not strong, satisfying {ZqB)c = 
0. Then Hi,c = 0. 

Proof. Since di_c = we have that Hi^c = Kerdo,c- By the preceding result do,c is 
surjective, hence 

dimk Hi,c = KQi B)c\ " KQo B)c\ = wc 

where wc is the number of cycles in C which have only one subpath from Z located 
at its end. But if there exists such a path, then {Z B)c would be non empty. Hence 
wc =0. □ 

We focus now on efficient circuits, see Definition 12.51 

Proposition 2.11. Let C be an efficient circuit. If k has characteristic zero we have 
dimki/i,c = wc — 1- 

In order to prove this result we will define a canonical element Kc in fc(Qi B)c 
which will be also useful in positive characteristic. First notice that if 7 = am . . . ai is a 
cycle in the quiver, each Ui arising in the sequence of arrows has a well defined complement 
path in the cycle, namely 

CO 

ai — a-i^i . . . aiOm . . . at+i. 

Moreover {ai,ai°) is a cyclic pair of paths. Note that ai and Oj can coincide as arrows, 
but in general ai" 7^ aj°. Note however that ai" — can also occur for i 7^ j. 

Definition 2.12. Let C be a circuit and 7 = a,„ . . . ai be any cycle belonging to C. 
Let Kc = EZlia^,ar) G k{QiQB)c. 

Remark 2.13. 

a) Our convention is in force, namely if for some i we have ai" ^ B then the pair 
[ai,a1°) is considered as zero in k{Qi QB). 

b) It is clear that Kc does not depend on the choice of the cycle in C . 
Lemma 2.14. If k has characteristic zero and C is a useful cycle, then Kc 7^ 0. 
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Proof. Since (Qi B)c 7^ there exists at least one arrow Oi of a cycle 7 of C such 
that ai° £ B. Note that all the coefficients appearing in the definition of Kc are equal 
to one, and no sum of them can be zero in characteristic zero. □ 

Proposition 2.15. Let C be an efficient circuit. Then Imdi^c = kKc. 

Remark 2.16. This result does not depend on the characteristic. Note however that 
in positive characteristic Kc can be zero. 

Proof. Since C is efficient, there exists a cyclic pair (a, (3) £ (Z Q B)c and we use the 
cycle /3a — bn . . . biOm . . . ai in order to construct Kc'- 

Kc = {ai,/3am . . .02) + {a2,ai/3am . . .03) H h {am.,am-i ■ • .ai/3). 

Indeed each term of the form {bj, bj-i . . . biabn ■ . ■ is zero since its second compo- 
nent is not in B. Note that some of the written terms in Kc can also be zero, but this 
has no incidence in this proof. By definition of di^c we obtain di,c(a,/3) — Kc. □ 

Proof, of Proposition 12.111 The proof is now obvious since C is efficient, useful 
and not strong, hence do,c is surjective. In characteristic zero we have proved that 
dimklmdi,c = 1, while KQi Q B)c\ - \{QoQB)c\ = wc- □ 

The results we have obtained show that in characteristic zero the contributing circuits 
for HHi are the non trivial strong circuits and the efficient ones. The following statement 
is obtained by assembling the previous results. 

Corollary 2.17. Let A — kQ/ < Z > be a monomial algebra, with k a field of charac- 
teristic zero and Q a finite connected quiver. The following assertions are equivalent: 

1. HHi{A) = 0. 

2. Every non trivial circuit of Q contains a zero cycle and, whenever C is a circuit 
such that {QiQB)c ^ {ZqB)c, there is exactly one pair {£,,13) G {ZqB)c 
such that the cycle (,j3 contains no zero relation apart from £. 

More generally, the following formula holds as a direct consequence of the previous 
discussion. 

Theorem 2.18. Let A — kQ/ < Z > be a monomial algebra, with k a field of 
characteristic zero and Q a finite connected quiver. We have 

dimk HHi {A) ^ s + wc ~ e 
cee 

where £ is the set of efficient circuits, e = \£\, s is the number of non trivial strong 
circuits and wc is defined in Definition \2.(A 

A formula avoiding the integers wc can also be obtained as follows. 

Corollary 2.19. Let A = kQ/ < Z > be a monomial algebra, with k a field of 
characteristic zero and Q a finite connected quiver. Then 

dim^HHi{A) = \QiQB\ - \Qo Q B\ + \Qo\ -e + s. 

Proof. We compute "^^ci^s order to replace it in the previous result. Note that if 

C is trivial then wc ~ 0. We assert that also if C is not efficient then wc = 0. Indeed, 
if {Z B)c = then clearly wc = 0, while if (Qi B)c = and C is not trivial then 
(Qo B)c = since there is an injective map (pc '■ [Qo B~^)c {Qi B)c, as 
in the proof of Lemma 12.71 This implies that wc = \{Qi B)c\ ~ |(Qo B)c\ = 0. 
Consequently 

Y^wc = Y,wc = \QiQB\~ \Qo QB\ + \Qo\- 

cee cec 

□ 
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Example 2.20. The algebra with quiver Q whose set of vertices is Qo — Z5, with 
arrows at : i — > i + 1, for i G Qo, subject to the relations a4a3a2 = = 030201, 
satisfies HH\{A) = 0, whereas for the canonical circuit C we have 2 = \[Z Q B)c\ > 
Wc = 1- This shows that in Corollary \2.17\ the last condition cannot be replaced by 
\{ZQB)c\ = l. 

3 Degree one Hochschild homology of a monomial algebra 
in positive characteristic 

Let C be a circuit and 7 = a„ . . . ai be a cycle in C. Among the possible iterated rotated 
cycles of 7 clearly the n-th one coincides with 7. Let I be the smallest integer such that 
the l-th rotated of 7 coincides with 7. We have I \ n and I is called the period of the circuit 
while m = J is its multiplicity. 

Recall that Kc is defined using any cycle 7 = a„ . . . oi of the circuit C, 

n 

Let Ac = X](a i3)e{QiQB)c^'^' f^^' Clearly if C is useful then Ac 7^ for fc a field of any 
characteristic since Ac is the sum of all the basis vectors, a non empty set. 
The following result follows from the above considerations. 

Lemma 3.1. Let C be a circuit of multiplicity m. Then Kc = mAc- 

Definition 3.2. Let p be a prime number. A circuit is called a p' -circuit if its multi- 
plicity is not divisible by p. 

Proposition 3.3. Let C be an efficient circuit. If C is a p' -circuit then dimk//i,c = 
Wc — 1 a,nd dimk Hi^c = wc otherwise. 

Proof. For an efficient circuit we have proved that Imdi^c = kKc = fcmAc- If C is 
a p'-circuit, dimklmdi,c = 1- Otherwise di^c ~ 0. □ 

The next result computes the dimension of HH\{A) for a field k of positive charac- 
teristic using the same decomposition as in characteristic zero but considering p'-circuits. 

Theorem 3.4. Let A — kQ/ < Z > be a monomial algebra, with k a field of char- 
acteristic p > and Q a finite connected quiver, and let Cpi be the number of efficient 
p' -circuits in Q. Then 

dinik HH\{A) = s + ^ wc — e^i 

= IQi 0B| - IQo 0B| + IQol - fij,/ +s, 

where £ is the set of efficient circuits, s is the number of non trivial strong circuits 
and Wc is defined in Definition \2. 61 

Corollary 3.5. Let A = kQ/ < Z > be a monomial algebra, with k a field of charac- 
teristic p > and Q a finite connected quiver. Then HHi (A) = if and only if every 
non trivial circuit contains a zero cycle and every circuit C with {Qi B)c 7^ 7^ 
{Z Q B)c is a p' -circuit such that there is exactly one pair £ {ZqB)c for which 

the cycle contains no zero relation apart from 5. 
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4 The vector space Alt (DA) 



Recall that A\t{DA) ^ {(p e HomA-A{DA, A) : (p + (p* = 0}, where (p* : DA — > 
DDA = yl is the transpose of p . We start this section by describing a basis for the vector 
space ilomA-A{DA, A). Since by adjointness we have 

RomA-AiDA,A) = {DA^a-a DA)*, 

we describe first a set of generators of DA ^a-a DA, which will allow us to find the 
desired basis. 

Recall that B is the set of paths in Q which do not contain any path of Z. The dual 
basis B* is a basis of the vector space DA whose A — A-bimodule structure is given by 
{afb){x) = fihxa) for any a,h,x € A, f € DA. This means that for any a,/3, 7 € B, 
a'y* P 7^ if and only if 7 = I3£,a, for some ^ G B. In this case, 07*/? = In particular, 
M7*u = (v^u)* for any u, w £ Qo, 7 G -B. This implies that the set of cyclic pairs of paths 

BOB ^ {{a, P) : t{0) = s{a) and t{a) = s(/3)} 

provides a set of generators for DA(x)a-a DA, that is, the set {a* ® /3* : (q, I3) G BqB}. 

Definition 4.1. A cyclic pair (q,/3) G B Q B is said to be neat if the following 
conditions hold: 

i) if pa £ B (aP € B) for some a G Qi then a is the last (first) arrow in a; 
a) if ah £ B (ba £ B) for some b £ Qi then b is the last (first) arrow in p. 

We denote by ~ the equivalence relation on B B generated by the elementary 
relations 

{aa,P) ~ {a, Pa) 

{ab,P) ~ (a, 6/3), 0,6 G Qi. 

An equivalence class for this relation will be called neat when all its elements are neat 
cyclic pairs. Let Af be the set of neat equivalence classes. 

Lemma 4.2. There is a bijective map between N and a set of generators of the vector 

space DA ®a-a DA. 

Proof. We know that B Q B provides a set of generators. We assert that a* ® P* =0 
if (a, p) is not neat, and, a* ^ P* = 7* iS> <5* if (a, P) ~ (7, 5). Clearly these facts will 
prove the Lemma. 

Let {a.,P) be a cyclic pair which is not neat. We may assume that there exists an 
arrow a G Qi such that Pa £ B and a is not the last arrow in a. Then 

a* (g) /3* = a* (g) a(Pa)* = a* a (g> (Pa)* = 0. 

The proof for the other cases is analogous. 

To finish the proof we have to check the asserted equality for the elementary 
relation used to define ~. If {aa,P) ~ {a, Pa) then 

(aa)* ®P* = {aa)* (g) a(/3o)* = a* (g) {Pa)*. 

□ 

We are now in a position to describe a basis for 'Rom.A-A{DA, A). Let N £ Af be a 
neat equivalence class and consider the map ipN £ UomkiDA, A) defined by 

V'iv(7*) = ^ ^ 
(7,«)ejv 

for any 7* £ B* . 
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Lemma 4.3. The map ipM is a morphism of A ~ A~bimodules. 

Proof. We shall prove only that i/)jv is a morphism of left A- modules, since the proof 
that it is a morphism of right A-modules is similar. 

It is clear that xp^iw^*) ~ utpNi'J*) for any u G Qo, 7 G -B. In order to finish the 
proof we have to see that i/;jv(a7*) — a7/)jv(7*) for any a € Qi, 7 G -B. Suppose first 
that 07* = 0. This means that a is not the first arrow in 7. If tpN{'y*) = we are 
done. If not, aipffil*) = Xl(7 s)£N = because the cyclic pairs (7, 5) are neat. Now 
suppose that 07* 7^ 0. Hence y = S^a £ B and 07* = It is clear that £ if 

and only if jj, — aS, for some S £ B such that (7, S) £ N . Then 

V']v(a7*) = '/'iv(C*) = X] aS = a 5 = a'4)N['y*)- 

□ 

Proposition 4.4. The set {'il)N}Nej\r is a basis of the vector space }iomA-A(DA,A). 

Proof. By the adjunction isomorphism 

e : UomA-A{DA, A) (DA ®a-a DA)* 

and Lemma |4.2I we conclude that {ipN^NeJsf is a generating set. Considering now 
the canonical bases B* and B of DA and A, we can identify every fc-linear map 
tp : DA — > A with its associated matrix, i.e., with the map if : B x B — > k 
determined by f{a*) = Ylp^B Then i/)jv is the characteristic function of A^, 

i.e., ipN{ce,f3) = 1 if (q,/3) £ N and otherwise. From that the fc-linear independence 
of the t/jjv's follows. 

□ 

We are now in a position to compute the dimension of the vector space Alt{DA). 

Lemma 4.5. The set N has an involution provided by the flip of pairs. 

Proof. Observe that the flip of a cyclic pair provides a cyclic pair. Moreover neat 
pairs are preserved and the flip is compatible with the equivalence relation, namely 
it is clear that the flips of elementary equivalent pairs provide elementary equivalent 
pairs. □ 

Theorem 4.6. Let A — kQ/ < Z > be a monomial algebra, where Q is a finite 
connected quiver. Then 



dimk Alt{DA) = 




if char fc 7^ 2 
if char fc = 2 



where r is the number of neat equivalence classes and s is the number of symmetric 
ones. 

Proof. With the same terminology as in the proof of Proposition 14.41 if a is the above 
mentioned involution of A/", we clearly have tpc,[N){ct, 13) = tpN{P,a) for all (a, /3) £ 
(j{N), and hence ipa-{N) ~ fpN- Therefore a generic element ip = J^NeJV ^'^'^'^ 
Alt(_Dyl) if and only if Ajv + Act(]v) ~ 0, for all A'^ £ A/". From that the formulae follow 
at once. 

□ 

Remark 4.7. In order facilitate the identification of the neat equivalence classes, the 
following comments are helpful. First observe that the elementary relations of Defini- 
tion 4.1 preserve the circuit, i.e., if{a,/3) ~ (7,<5) then aj3 — yS. Hence, identification 
of neat equivalence classes can be done circuit by circuit and, in particular, r = ^ rc , 
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with the sum indexed by the set of circuits in Q and rc being the number of neat 
equivalence classes (a, (3) such that af5 G C . On the other hand, each neat equivalence 
class has a representative (a, /?) such that aa and aa are zero paths, for all a £ Qi. In 
particular, one should only consider circuits C containing a pair {a, /3) with the latter 
property. We illustrate this in the examples at the end of this section. 

Corollary 4.8. Let A — kQ/ < Z > be a monomial algebra, where k is a field of 
characteristic different from 2 and Q is a finite connected quiver. Then Alt (DA) = 
if and only if the involution considered in Lemma \4-5\ is the identity. 

If k is afield of characteristic two, A\t[DA) = if and only if the set of neat cyclic 
pairs is empty. 

Corollary 4.9. Let A — kQ/ < Q2 > be a connected 2-nilpotent algebra . Then, 
unless Q is a loop, we have 

r iQi0Qil-IQi0Qol ,/charfc/2 

dxm, MtiDA) = I ia.e,.i|ia.ea„i 

In the case where Q is a loop, A\t{DA) is zero when charfc 7^ 2, and has dimension 
2 when char k = 2. 

Proof. If the quiver Q is a loop with vertex u and loop a, then (oTH) = (u7a) and (oTa) 
are the only neat equivalence classes, both of which are symmetric. Then r = s — 2 
and the result follows in this case. If Q is not a loop then Qi Qi is the set of neat 
cyclic pairs, and the equivalence relation is just the equality. In particular, (a, b) is 
symmetric if and only if a = b is a loop. Then r = jQi Qi\ and s — \Qi Qo\ and 
we are done. □ 

Using 10 [Theorem 5.5], the combination of the formulae in TP [Theorem 1 and 
Proposition 2] and our Theorems l2.18l fresp. 13.411 and 14.61 gives a precise formula for the 
dimension of IIH^{A), when A — TA is the trivial extension of the monomial algebra 
A. We don't write down that formula in order to avoid excessive technicalities. Our final 
result is a consequence of this (unwritten) formula: we describe the monomial algebras A 
such that A — TA has minimal IIH^{A), see Corollarv l4.13l But, motivated by a question 
pointed out by the referee, we present this result in as much generality as we know. Recall 
that \f c — ap' ...a\^ is a walk in Q, with Ui an arrow and ti € {±1} for 2 = 1, r, then 
the integer |X]i<i<r^«i called the weight of the walk c. For the terminology used in 
the following proposition, see |17| . 

Proposition 4.10. Let Q be a finite oriented quiver, A = kQ/I be a finite dimensional 
algebra with I homogeneous, and A = TA be its trivial extension. The following 
assertions are equivalent: 

1. There is a k-lmear isomorphism Z{A) = IIII^(A). 

2. dkn^,HH\A) = 1. 

3. HH^{A) = 0. 

4. The abelianization 11 of the fundamental group U — iti{Q, I) is a finite group of 
order coprime to char{K), and 1{Q,I) C d{Q,I). 

If these conditions are satisfied, the quiver Q has no oriented cycles and the weight of 
every closed walk in Q is zero. 

Proof. 2) ^ 1) is clear and 1) 3) follows from [Tn|[Th eorem 5.5 . 

3) =^ 4) It follows from El [Corollary 4(2)]. 

4) =^ 2) If c = a^'"...aj^ is a closed walk in Q, with Oi an arrow and G {±1} 
for i = l,...,r, then we put ^(c) = X]i<i<r^«- ^^^^ way, we get a map from 
the set of closed walks in Q to the integers, which is compatible with the relations 
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of the group 11 — ni{Q,I). Hence, we get a map ^ : 11 — > Z which is clearly a 
group homomorphism. Since IT is finite, Hom(n, Z) = and in particular ^ = 0. 
From that one gets that ^(c) — for every closed walk c. This is equivalent to say 
that every closed walk in Q has zero weight, and it implies that Q has no oriented 
cycles. Hence, one gets that Z{A) = k, HHi{A) — (see |12) and 7 ) and, since 
Alt a{D A) is generated by cyclic pairs of paths, we also infer that Alt a{D A) = 0. To 
see that HH^{A) = we have to prove condition (*) of |17|[Corollarv 4(2)]. Indeed, 
every nilpotent derivation maps an arrow onto a linear combination of parallel paths 
of length greater than one. But the existence of such parallel path would imply the 
existence of a closed walk with nonzero weight. So the unique nilpotent derivation 
is the trivial one, and 17 [Corollary 4(2)] applies to give that HH^{A) = 0. Now 
assertion 2) follows from |I0| [Theorem 5.5]. □ 

Remark 4.11. We do not know if conditions 2 and 3 might be equivalent in general 
for arbitrary finite dimensional algebras. The referee has pointed out this question. 

The following result is immediate. 

Corollary 4.12. Let A = kQ/I be a finite dimensional algebra with I homogeneous 
such that HH^{A) = 0. Then HHx{A) = and AltA{DA) = 0. 

Recall that if Q is a finite quiver, then Q is the graph obtained from Q by forgetting 
the orientation of the arrows. In the particular case of monomial algebras we can replace 
condition 4) in Proposition 14.101 bv the following. 

Corollary 4.13. Let Q be a finite onented quiver, A = kQ/ < Z > be a monomial 
algebra and A = TA be its trivial extension. The following assertions are equivalent: 

1. There is a k-linear isomorphism Z{A) = HH^{A). 

2. diia^HH^{A) = 1. 

3. HH\A) = 0. 

4. Q is a quiver without double arrows such that Q is a tree. 

Proof. We only have to prove that for monomial algebras condition 4) is equivalent to 
the last condition in Proposition l4.10l Indeed, if A is monomial, H = ni{Q,Z) is the 
fundamental group of the graph Q, which is always free. Consequently, H is finite if 
and only if H = 1, which is equivalent to condition 4). □ 

Example 4.14. Let us consider the algebra A given as follows. Its quiver Q is a 
crown with Qo = Z7 and arrows : i — > i + 1, for all i G Qq. The set of relations is 
Z = {03020100, 04030201, 05040302, 020100O6O5}. In this case, the only relevant circuit 
is the canonical one and, clearly, all cyclic pairs m B Q B are neat. To determine the 
neat equivalence classes, observe that the only paths a such that aa and aa are zero 
paths for all a G Qi, are exactly {030201,040302,010006050403,02010006}. A direct 
computation then shows that the elements of N , i.e., the (neat) equivalence classes are 
{(030201, 00060504) = (040302, 0100O6O5) = (020100O6, 050403), (010006050403, 02)} 
and the involution of Lemma \4. 5\ is just the transposition. Hence r — 2, s = and we 
have dmi]i}lomA-A{DA, A) = 2 and dimk Alt(D>l) = 1, in any characteristic. 

We also see that there are no non trivial strong circuits, that the only efficient 
(not strong) circuit is the canonical one, denoted by C m the sequel, which is also a 
p' -circuit when char k = p > Q. We have wc = !(Qi -B)ci — | (Qo 0-B)c| = l — = 1. 
Therefore HHi{A) = 0. 

On the other hand, we have Z{A) = k and dhn]^ H [A) = 1, the latter being 
easily deducible from '17^ [Corollary 2(3)] or ^111 [Theorem 1[. As a result, we conclude 
that dimi^IIH^{TA) = 3, independently of the characteristic. 
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Example 4.15. Let A — kQ/ < Z > be the algebra given by a crown Q of length 
n > 1, that is, Qo = Z„, Qi = {ai : i — > i + 1, Vi G Qo}, and take Z — {aoj"^~^} 
where 7 = l3ao and [3 — a„_i . . . ai, for some m > 1. 

The set of non trivial circuits in Q is {d = 7'}i>o. It is clear that {Ci}o<i<m is 
the set of non trivial strong circuits, and Cm is the unique efficient circuit. Moreover, 
Cm has multiplicity m, so it is an efficient p' -circuit in Q if and only if m is not 
divisible by p. Now, wcm ~ KQi © B)cm I ^ \ (Qo B)cm I = 1 ~ = 1, so Theorems 
and \^^ imply that 

, ,^ I m if char k = p > and p divides m, 

dimi,HHi(A) = { j , 

I m — 1 otherwise. 

By Remark \4.T\ the neat equivalence classes are represented by the cyclic pairs 
(7'"~^/3, ao7*) for i with < i < m — 2, and they are all symmetric and non equivalent. 
So dimk Alt(Dyl) = if char A; / 2 and dimk Alt (DA) = m - 1 i/ char = 2. 

Using the terminology in ^lllfTheorem 1] we have that dimk HH^{A) = dimk Z(A) — 
\Qo//B\ + \Qi//B\, because all the elements in Q1//B are glued and admissible. By 
^IJl [Proposition 2], we have dimk ^(A) = rn. Finally, one easily sees that \Qo//B\ — 
mn, \Qi/ /B\ — mn — 1 and, hence, dimk HH^{A) — m — mn + mn ~ 1 — m ~ 1. 

We conclude that 

if char k — 2 and m is even, 
if char k — 2 and m is odd, 
if char k — p > 2 and m is divisible by p, 
otherwise. 



Aim],HH^{TA) 
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